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1. NOTATIONS



@ —x<a<b< o,
@ function f:[a,b] — R is on [a,b], if
f(s+):= Iins1+f(r) eR forse(a,b), f(t—):= |il"p7f(7') eR forte(a,b].

@ ATf(s)=f(s+)—1f(s), A~f(t)=f(t) —f(t—), Af(t)=f(t+) —f(t—).
@ GJa,b] (resp. G) is the space of regulated functions on [a, b].
(G is Banach space with respect to the norm [[f{|cc = SUP; ¢ (a7 [If () 1)-

@ BV =BV]a,b]= {f: [a,b] = R : varPf < oo} is the space of functions
with .

@ function f:[a,b] = R is , if there is a division
a=qp<ar<ay<...<am=Db of [a b]suchthat f is constanton
every (oj_1, q),

S[a,b] (or S) is the set of finite step functions on [a, b].

@ Regulated functions are uniform limits of finite step functions,
they have at most countably many points of discontinuity.
Every function f of bounded variation is a difference f =g —h
of nondecreasing functions g and h.

@ Sla,b]cBV][a,b]CGJa,b].



2. DEFINITION OF KS INTEGRAL



Notation

@ Positive functions ¢: [a,b] — (0, c0) are on [a,b].

@ Couples P =(a, &) of ordered finite sets are of [a,b] if
a={ay<a; < ... <a,p)=b} isa of [a,b] and £€={¢&1,..., &)}
are its yi.e. & €aj_1, o] forallj.

@ P=(§is if [oj—1,04] C (§ — (&), & + (&) forallj.

@ For f:[a,b] ~ R, g:[a,b] = R, P =(cx, &) we set

v(P)

S(f,dg,P) = > (§)[9(ey) —9(j—1)].

i=1

Definition

for every ¢ >0 there is a gauge 6 on [a, b] such that
b
|:/ fdg <= s(t,dg,P) — 1| <<
a

for every § — fine partition P.

© a b
/fdg:O, /fdng/fdg.
c b a

\




Definition of the KS integral

@ KS integral has usual linear properties and is an additive function of intervals.

° / fdgeR = ‘/ fdg| <|fllo (varP g), \/ fdg| <2|fllsv 9llce-

@ RS CKS.



Definition of the KS integral

@ KS integral has usual linear properties and is an additive function of intervals.
° / fdgeR — ‘/ fdg| <|lfllo (var? o) \/ fdg| <2|fllsv 9llce-

@ RS CKS.

@ feGla,b],geGla,b] =

b b
Both integrals / f dg and / g df exist if one of the functions f, g is a finite step
a a

function.



3. FINITE STEP FUNCTIONS

o 5 = = E DAl



Integration of finite step functions

b
@ f(x)=c,g:[ab] >R — / fdg =clg(b)—g(a)].
b
Of:[a,b]HR,g(x)zc:/fdg:O.

b
@ g:[a,b] — R regulated, 7€ [a,b] and f=x[,p = / f dg=g(b) —g(7).
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@ If e feBV[ab], g,0« €Gla,b] for keN,
* Ok =0,

b b
then / fdgk—>/ f dgon[a,b].
a a

b
@ feBV[a,b],geGla,b] = / f dgeR.
a



Sketch of the proof

Let € >0 be given.

Choose finite step functions gy in such a way that gx =2 g on [a, b].
Let [lgk — Oelloo <& for k,£>ko.

Then

b
\/ fdlok —9el| < 2llgk — 9elloo [IFllev <4< Fllgy  for k,¢>ko,
a
ie.

b
Hence lim / fdgx=1€R.
k—oo Jaq
Choose K > ko and a gauge § on [a,b] in such a way that
b b
‘/ fdgK—I‘<e and ‘S(f,dgK,P)—/ fdgK‘<a for every ¢-fine P .
a a
Then
b
[S(t.d9.P) 1] <[s(f.dg. P) ~ St dax. P)| + [s(F.da.P) - [ 1 dax
a

b
+| [t doc =1 <22 (Ifllov-+1)
a

for every ¢-fine P.
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b
O/fdgeR, a<c<d<b =
a

b d
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@ If feG[a,b], geBV][a,b], D isthe set of discontinuity points of the function g in [a, b]
and g° is continuous part of the function g, g®(a) = g(a), then

b b
/fdg:/ fdg®+ S 1(d) Ag(d),
a a D

where Ag(a)=A*g(a) and Ag(b)=A" g(b).



5. PROPERTIES OF KS INTEGRAL



Convergence theorems

ASSUME!:
@ f,fceG[ab], geBV][a,b] for k€N,
@ fy=f.

t t
THEN: / fx dg :;/ f dgon [a,b].
a a

ASSUME:
@ feBV[a,b], g,0« €G[a,b] for k eN,
® o =g

t t
THEN: /fdgk :;/fdgon[a,b].
a a

ASSUME:
@ f,fkeG[a,b], 9,0« €BV][a,b] for keN,
@ f=f, =g
@ o*:=sup{var?gy:k eN} < co.

t t
THEN: / fi d gy :;/ fdg onJanb].
a a




Convergence theorems

ASSUME:

@ f,fxeG[a,b], 9,0« €BV][a,b] for keN,
o fii=f, o =0
@ o*:=sup{varf gy ;k eN} < co.

t t
THEN: / f dgx :;/ fdg on]Ja,b].
a a

PROOF: Let ¢ >0, Choose kg eN and & € S[a,b] in such a way that

~ 1>

If = Floo <2/2 and [ —floo <£/2, [l —Glloo < 5= for k>ko.
2(|2llsv

Then k >kg = |Ifk —@lleo <& and

t t
‘/ fkdgkf/ fdg‘
a a

S‘/at(fk—qé) dgk‘+‘/alt$d[gk—g]‘+‘/6\t((;_f) dg‘

< fc = Blloe (vard k) + 21| lev llgk — Glloo + 18 — flloo (vari g)

< (a*+1+ 3 varlg)e=Ke forevery te(a,b]. O



Convergence theorems

Bounded convergence (Osgood)

AssuME: f €G[a,b], {fn} C G[a,b] and
Q@ |falloo <M< oo for neN,
4 nIim fa(x) = f(x) forx € [a,b].
— 00

THEN:

I|m /fn dg_/ f dg forevery geBV][a,b].

Standard proof is based on
Let { {Jk;}:k €N, j€eU} be subintervals of [a, b] such that:
@ for each k € N, the set of indices Uy is finite,
@ the intervals from {J j :j € Uy } are mutually disjoint,
° > kil >c>o.
j €Uy
Then there exist {k,} CN and {j,} CN such that

je€Uy, for LeN and (1) Iy, #0.
teN



Variation over elementary sets

DEFINITIONS

@ Forintervals J C [a,b], the sets D={«ag,a1,...,am} such that
ap<ap<---<am and o €J for j=0,1,...,m
are of J. is the set of all divisions of J.

@ For f:J—>R we put
=sup{V(f,D):DeD()}, while varyf=vargf=0 for ce[a,b].
@ Abounded subset E of R is an if it is a finite union of intervals.
ForA C R, is the set of all elementary subsets of A.
@ Acollection of intervals {Jx:k =1,2,...,m}isa of E if
E = Uy ,Jk, while J, UJ, is not an interval whenever k #£.

@ For f:[a,b] — X and E € &([a,b]) with a minimal decomposition {Jx:k =1,...,m},
we define =Y gL, var, f.

Proposition

Let c,d €[a,b], c<d. Then

Q@ vargg f= varcd f, vare q) f = ||m valrc = sup vard f,
’ ’ 0+ tefc,d)

Q@ vargg f= Ilnz) varcd+5 f, varcq f= I|m vachr(S f = sup vartd f.
te(e,d]

@ |If f eBV((c,d)) and f(c+), f(d—) exist, then f e BV[c,d] and
vard f = vareq)f + |ATf(c)llx + [A~F(d)lIx.




Bounded Convergence Theorem

Lewin (1986)

Let {An} be bounded subsets of [a,b] such that

Ansi CAn and () An=0.
Put

an = sup{m(E):E € £(An)} for neN.

Then lim an = 0.
n—oo




Bounded Convergence Theorem

Lewin (1986)
Let {An} be bounded subsets of [a,b] such that
Ansi CAn and () An=0.

Put
an = sup{m(E):E € £(An)} for neN.

Then lim an = 0.
n—oo

| \

LEMMA
Let feBV[a,bJnCJ[a,b] andlet {An} C[a,b] be bounded and such that

Ans1 CAn and () Aq=0.
Put

on = sup{var(f,E):E € £(An)} for neN.

Then lim an =0.
n—oo




KS integral over elementary sets

DEFINITION

Let f,g:[a,b] — R, and E €&([a,b]). Then

/Efdg:/ab(fxE)dg

provided the integral on the right-hand side exists.

Propositions
@ Let By, E;€&([a,b]), ExNE; =0, f,g:[a,b] = R
and let theintegrals/ fdg, j=1,2, exist. Then
E.

/ fdg= fdg+ fdg.
EjUE; =% Ep

@ LetJ=(c,d) and Iet/f dg exists. Then
J

\/Jf dg| < (var(c,d)g)(testlci?d)lg(t)l)-

@ LetJ=]c,d),and Iet/f dg and g(c—) exist. Then

[ 0] < (vares o) ( sup, 181) + 18700 190

|

A\




Let f €BV[a,b] be continuous on [a,b] andlet {Ay} be bounded subsets of [a, b]
suchthat A,y CAn and [] An=0. Put

an = sup{ var(f, E): E elementary subset of Ay} for neN.
Then nIim an =0.

Proof.
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Proof. {an} is decreasing. Assume that an 4 0. Then, thereis £ > 0 such that
an >¢ forevery ne N.
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Integration by parts and substitution

Integration by parts

Let f € G[a,b], g € BV[a,b]. Then both integrals

b b
/ fdg and / g df
a a

b b
/a fdg+/a g df =f(b)g(b) —f(a)g(a)— > ATf(t)A*g(t)+ > Af()Ag(t).

a<t<b a<t<b

exist and it holds

|

Substitution

b
Let heBV(a,b], f:[a,b] =R and g:[a,b] — R are such that / f dg exists.
Then, if one from the integrals ¢

/abh(t)d[/atfdg], /abhfdg,

exists, the same is true also for the remaining one and

/:h(t)d[/atfdg] =/:hfdg.




Saks-Henstock Lemma

The Saks-Henstock lemma is an indispensable tool in the study of deeper properties of the
Kurzweil-Stieltjes integral.

Saks-Henstock Lemma

ASSUME: f;’f dg exists, € > 0is given and d. is a gauge on [a, b] such that
b
‘S(P) = / f dg’ < ¢ for all §.-fine partitions P of [a, b],
a

THEN:

!Z (00 -ae) - ['199)] <

holds for every system {([s;,],6;):j € {1,...,n}} such that

a<s; <O <t << <sn <O <ty <y,
and

[Sj,tj] C (9]' _6(0j)79j +(5(9J)) for j E{l,...,n}.




Saks-Henstock Lemma

Corollaries

@ |If fabf dg exists, e > 0is given and . is a gauge on [a, b] such that

b
‘S(P) - / f dg‘ < e for all §.-fine partitions P of [a, b],
a

then

v(P) N
Zp‘f(ﬁj)[g(aj)—g(ajfl)]—/ J fdg‘ <e
j=1 aj_1

holds for every é.-fine partition P = (e, &) of [a, b].
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@ Iff €eGla,b], g€ GJla,b] and at least one of them has a bounded variation, then
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h(t) :/ f dg isregulated on [a,b].
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In particular, if g € BV [a,b], then also h € BV|[a, b].




Saks-Henstock Lemma

Corollaries

@ |If fabf dg exists, e > 0is given and . is a gauge on [a, b] such that

b
‘S(P) - / f dg‘ < e for all §.-fine partitions P of [a, b],
a

then
v(P) o
> [ o) ~ gty - [ tdg|<e
j=1 Cf=0

holds for every é.-fine partition P = (e, &) of [a, b].

@ Iff €eGla,b], g€ GJla,b] and at least one of them has a bounded variation, then
t
h(t) :/ f dg isregulated on [a,b].
a

In particular, if g € BV [a,b], then also h € BV|[a, b].
@ ATh(t) =f(t)Atg(t) for te[a,b), A~h(s)=f(s)A—g(s) for s (a,b].




Hake Theorem

Theorem (Hake)

t t
(*] / f dg exists for every t €[a,b) and tIirlgl (/ fdg +f(b)[g(b)fg(t)]> =1eR
a =Ag= a

b
== / fdg=1I.

(*] / f dg exists forevery te(a,b] and I|m / fdg+f(a)lg(t)— g(a)]) =leR

:>/fdg—|




6. CONTINUOUS LINEAR FUNCTIONALS



Continuous linear functionals

dis onCla,b] (¢ €(C[a,b])*) <«
thereis peBV|[a,b] suchthat p(a)=0, p is right continuous on (a,b) (p € NBV[a,b]) and

b
P(x) = Pp(x) ::/ x dp forevery x €CJa,b].
a

Mapping p € NBV[a,b] — &, € (C[a, b])* is isometric isomorphism.




Continuous linear functionals

dis onCla,b] (¢ €(C[a,b])*) <«
thereis peBV|[a,b] suchthat p(a)=0, p is right continuous on (a,b) (p € NBV[a,b]) and

b
P(x) = Pp(x) ::/ x dp forevery x €CJa,b].
a

Mapping p € NBV[a,b] — &, € (C[a, b])* is isometric isomorphism.

GL[a,b] = {x €GJ[a,b] : x(t—) = x(t) fort e (a,b)}

Continuous linear functionals on the space G, [a, b]

® is continuous linear functional on G [a,b] (® € (G_[a,b])*) <«
exist p€BV[a,b] and q &R such that

b
d(x) = P(p,q)(X) := qx(a)+/ pdx for xeG[a,b].

a

Mapping (p,q) €BV[a,b] xR — &, 4y € (GL[a, b])* is isomorphism.




Continuous linear functionals

dis onCla,b] (¢ €(C[a,b])*) <«
thereis p€BV|[a,b] suchthat p(a)=0, p is right continuous on (a,b) (p € NBV[a,b]) and

b
D(x) = Pp(x) ::/ x dp forevery x €CJa,b].
a

Mapping p € NBV[a,b] — &, € (C[a, b])* is isometric isomorphism.

GLla,b] = {x € G[a, b]: x(t—) = x(t) fort € (a,b]}

Continuous linear functionals on the space éL[a, b]

@ is continuous linear functional on Gy [a, b] (¢ € (G_[a,b])*) <
there is p € BV [a, b] such that

®(x) = dp(x) := p(b) x(b) — /abpdx for x € G_[a, b].

Mapping p € BV [a,b] — ®p € (G| [a, b])* is isomorphism.




7.
Generalized linear
differential equations



Impulses and GLDE

N X' =P@)x+q(t), ATx(rx)=Bkx(7x)+dx, k=1,2,...,r,
where a=ty<t;<...<tr=b,

P eLl([a,b],R™"), g e L ([a, b],R"), B, € R"*", dy € R".

b
re(ab), BERMN :>/a d[x(r.01(5) BIX(S) = BX(7)

Define
t r
A(t)=/ P(5)ds + 3 X(n0)(1) B
at k=1 for te[a,b].
f(t):/ a(8)ds + 3 X(n o] (1) e
a k=1
Then

n < x(t):x(a)+/ldAx+f(t)7f(a), t €[a,b], J




Generalized linear differential equations

(L) X(t):§+/totdAx+f(t)—f(to), te[a, b [A€BV ([a,b], ™).



Generalized linear differential equations

(L) X(t)=§+/toldAX +f(t) —f(to), telab] [A€BV([a,b], R"*M)].

t
Operator (Lx)(t)= |/ dAx islinear and compact on BV ([a,b],R") =
fo

by FREDHOLM ALTERNATIVE we have



Generalized linear differential equations

(L) X(t)=§+/toldAX +f(t) —f(to), telab] [A€BV([a,b], R"*M)].

t
Operator (Lx)(t)= |/ dAx islinear and compact on BV ([a,b],R") =
fo

by FREDHOLM ALTERNATIVE we have

(L) has 1! and solution for each f € BV ([a,b],R") iff the homogeneous equation

(H) x(t):/totdAx

has only trivial solution.




Generalized linear differential equations

(L) X(t)=§+/t‘dAx +f(t) —f(to), tela,b] [A€BV([a,b], R"*M)].

t
Operator (Lx)(t)= |/ dAx islinear and compact on BV ([a,b],R") =
fo

by FREDHOLM ALTERNATIVE we have

(L) has 1! and solution for each f € BV ([a,b],R") iff the homogeneous equation

(H) x(t) = tdAx

has only trivial solution.

Let

det[l — A~A(t)] #0 and det[I+ATA(s)] #0 foreach te(tp,b]and each se(a,tg).

Then (H) has only trivial solution.




Sketch of proof

o A+X(t0)=A+A(t0)X(t0):O - X(t0+):0



Sketch of proof

@ AtxX(th)=ATA(t)X(tp) =0 = Xx(tp+)=0.
@ )= var§0 A.



Sketch of proof

o A+X(t0)=A+A(t0)X(t0):O —— X(t0+):0
@ )= var§0 A.
@ Choose §€(0,b—ty) sothat 0<a(ty+d) —alto+) <1/2.



Sketch of proof

@ ATX(th)=ATA(t) X(tg) =0 = x(top+)=0.

@ )= var§0 A.

@ Choose §€(0,b—ty) sothat 0<a(ty+d) —alto+) <1/2.
@ For t€]tg,tp+I] we have

fo
= ] dte < etor) ot mp, 0)

SE( sup IX(t)|>-

2 Mefty to+]

t t
o)X = ATa i a
x(@®) < [ d] ]>: ATa(to) [x(to)| + T£T0+/T de] |x]
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@ ATX(th)=ATA(t) X(tg) =0 = x(top+)=0.
@ )= var§0 A.
@ Choose §€(0,b—ty) sothat 0<a(ty+d) —alto+) <1/2.
@ For t€]tg,tp+I] we have
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to ) Tt Jr

= ] dte < etor) ot mp, 0)

S%( sup IX(t)|>-
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Sketch of proof

@ ATX(th)=ATA(t) X(tg) =0 = x(top+)=0.

@ )= var§0 A.

@ Choose §€(0,b—ty) sothat 0<a(ty+d) —alto+) <1/2.
@ For t€]tg,tp+I] we have

fo
= ] dte < etor) ot mp, 0)

S%( sup IX(t)|>-

tE€(tg,tg+6]

t t
o)X = ATa i a
x(@®) < [ d] ]>: ATa(to) [x(to)| + T£T0+/T de] |x]

O (sUpepyioral XOI) < 3 (sUPey s XD
@ x=0 on [to,to+].



Sketch of proof

@ ATX(th)=ATA(t) X(tg) =0 = x(top+)=0.

@ )= var§0 A.

@ Choose §€(0,b—ty) sothat 0<a(ty+d) —alto+) <1/2.
@ For t€]tg,tp+I] we have

t X . t
Ix(®)] < ; dla]x = AT a(to) [x(to)| + Tﬂ[{lﬁ/T d[a] [x]

= ] dte < etor) ot mp, 0)

1
< osup [x(W)])-
2 (te[to,t0+6] >

O (sUpepyioral XOI) < 3 (sUPey s XD
@ x=0 on [to,to+].

@ t*=sup{r€E€(tg,b]:x=00n [to, 7]}



Sketch of proof

@ ATX(th)=ATA(t) X(tg) =0 = x(top+)=0.

@ )= var§0 A.

@ Choose §€(0,b—ty) sothat 0<a(ty+d) —alto+) <1/2.
@ For t€]tg,tp+I] we have
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Sketch of proof

@ ATX(th)=ATA(t) X(tg) =0 = x(top+)=0.

@ )= var§0 A.

@ Choose §€(0,b—ty) sothat 0<a(ty+d) —alto+) <1/2.
@ For t€]tg,tp+I] we have

fo
= ] dte < etor) ot mp, 0)

SE( sup IX(t)|>-

2 Mefty to+]

t t
o)X = ATa i a
x(@®) < [ d] ]>: ATa(to) [x(to)| + Tﬂ[pﬁ/T de] |x]

(sUPrci a1 X)) < 3 (SUPLepg sy XV
x=0 on [to,tp+d].

t* = sup{r € (to,b]:x=00n [to, 7]}

x=0on [tg,t*) = x(t*—)=0



Sketch of proof

@ ATX(th)=ATA(t) X(tg) =0 = x(top+)=0.

@ )= var§0 A.

@ Choose §€(0,b—ty) sothat 0<a(ty+d) —alto+) <1/2.
@ For t€]tg,tp+I] we have

fo
= ] dte < etor) ot mp, 0)

SE( sup IX(t)|>-

2 Mefty to+]

t t
o)X = ATa i a
x(@®) < [ d] ]>: ATa(to) [x(to)| + Tﬂ[pﬁ/T de] |x]

(Supte[tg,to+6] |X(t)\> <3 (Supte[to,to+5] |X(t)|>-

x=0 on [to,tp+d].

t* = sup{r € (to,b]:x=00n [to, 7]}

x=00n[to,t*) => x(t*=)=0 = 0=[1—A-A(t*)] x(t*)



Sketch of proof

ATX(tg) = ATA(tg) X(tg) =0 = x(tp+)=0.
a(t)= var§0 A
Choose 6 € (0,b —tp) sothat 0<a(tg+9)—a(to+) <1/2.
For t € [to, to+4] we have
x1< [ dladx = A*a(o) x(w)l+ _m [ dlal ]
to ) Tt Jr

= ] dte < etor) ot mp, 0)

1
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2 (te[to,t0+6] >

(Supte[tg,to+6] |X(t)\> <3 (Supte[to,to+5] |X(t)|>-

x=0 on [to,tp+d].

t* = sup{7 € (to,b]:x=00n [to, 7]}

x=00n[to,t*) => x(t*=)=0 = 0=[I—A-A(t*)] x(t*) = x(t*)=0



Sketch of proof

ATX(tg) = ATA(tg) X(tg) =0 = x(tp+)=0.
a(t)= var§0 A
Choose 6 € (0,b —tp) sothat 0<a(tg+9)—a(to+) <1/2.
For t € [to, to+4] we have
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to ) Tt Jr
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1
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x=00n[to,t*) => x(t*=)=0 = 0=[I—A-A(t*)] x(t*) = x(t*)=0
= x(t)=0 on [0,t*].
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ATX(tg) = ATA(tg) X(tg) =0 = x(tp+)=0.
a(t)= var§0 A
Choose 6 € (0,b —tp) sothat 0<a(tg+9)—a(to+) <1/2.
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x1< [ dladx = A*a(o) x(w)l+ _m [ dlal ]
to ) Tt Jr

= ] dte < etor) ot mp, 0)

1
=2 (telzﬁ&s]lx(t)l) '

(suPtegy to a1 ¥(O1) < § (SUPLepy ty47 X (D)

x=0 on [to,tp+d].

t* = sup{r € (to,b]:x=00n [to, 7]}

x=00n[to,t*) => x(t*=)=0 = 0=[I—A-A(t*)] x(t*) = x(t*)=0
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t* <b = x(t*+)=A%(t)x(t*)=0



Sketch of proof

ATX(tg) = ATA(tg) X(tg) =0 = x(tp+)=0.
a(t)= var§0 A
Choose 6 € (0,b —tp) sothat 0<a(tg+9)—a(to+) <1/2.
For t € [to, to+4] we have
x1< [ dladx = A*a(o) x(w)l+ _m [ dlal ]
to ) Tt Jr
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1
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Sketch of proof

ATX(tg) = ATA(tg) X(tg) =0 = x(tp+)=0.
a(t)= var§0 A
Choose 6 € (0,b —tp) sothat 0<a(tg+9)—a(to+) <1/2.
For t € [to, to+4] we have
x1< [ dladx = A*a(o) x(w)l+ _m [ dlal ]
to ) Tt Jr

= ] dte < etor) ot mp, 0)

1
=2 (telzﬁ&s]lx(t)l) '

(Supte[tg,to+6] |X(t)\> <3 (Supte[to,to+5] |X(t)|>-

x=0 on [to,tp+d].

t* = sup{r € (to,b]:x=00n [to, 7]}

x=00n[to,t*) => x(t*=)=0 = 0=[I—A-A(t*)] x(t*) = x(t*)=0
= x(t)=0 on [0,t*].

t* <b = x(t*+)=A%(t)x(t*)=0

—> x(t)=0 on [0,t* 4 4] for some 6 € (0,b —t*) =— CONTRADICTION



Sketch of proof

ATX(tg) = ATA(tg) X(tg) =0 = x(tp+)=0.
a(t)= var§0 A
Choose 6 € (0,b —tp) sothat 0<a(tg+9)—a(to+) <1/2.
For t € [to, to+4] we have
x1< [ dladx = A*a(o) x(w)l+ _m [ dlal ]
to ) Tt Jr

= ] dte < etor) ot mp, 0)

1
=2 (telzﬁ&s]lx(t)l) '

(Supte[tg,to+6] |X(t)\> <3 (Supte[to,to+5] |X(t)|>-

x=0 on [to,tp+d].

t* = sup{r € (to,b]:x=00n [to, 7]}

x=00n[to,t*) => x(t*=)=0 = 0=[I—A-A(t*)] x(t*) = x(t*)=0
= x(t)=0 on [0,t*].

t* <b = x(t*+)=A%(t)x(t*)=0

—> x(t)=0 on [0,t* 4 4] for some 6 € (0,b —t*) =— CONTRADICTION
= x=0 on [to,b]. g



Existence of solutions

L) x(t):?—f—/tdAx-&-f(t)—f(a), tefa,b].



Existence of solutions

(L) x(t):i—f—/tdAx—&-f(t)—f(a), tefab].

ASSUME:
@ AcBV([a,b],R"™") andty € [a, b].
° det [l — A=A(t)] # 0 for each t € (to,b],

det [l + ATA(s)] # 0 for each s € [a, to).




Existence of solutions

(L) x(t):i—f—/tdAx—&-f(t)—f(a), tefab].

Theorem

ASSUME:
@ AcBV([a,b],R"™") andty € [a, b].
° det [l — A=A(t)] # 0 for each t € (to,b],
det [l + ATA(s)] # 0 for each s € [a, to).

THEN: foreach f€BV([a,b],R") and X € X, (L) has 1! solution x € BV ([a,b],R").




Apriori estimates

Gronwall lemma

t
ASSUME: u,p:[a,b] — [0, 00) continuous, K,L>0and u(t) < K +L/ (pu)dsfort € [a,b].
a

t
THEN: u(t) <K exp (L/ pds) for te(a,b].
a

Generalized Gronwall lemma

ASSUME:
@ u:[a,b]—]0,00) is bounded on [a,b], K,L >0,
@ h:[a,b]— [0, o) is nondecreasing and left-continuous on (a,b],

t
) u(t)gK—i—L/udh fort € [a, b].
a

THEN: u(t) <K exp (L[h(t)—h(a)]) for t€(a,b].
Corollary

AssuME: A€BV([a,b],R"*"), feG([a,b],R"), det[l — A~A(t)] #0 for te(a,b] and
ca = sup{|[l = A—A(t)]"}|:t€[a,b)}.
THEN: 0<ca<oo and [x(t)]<ca <|§\ +2 ||f\|oo> exp(2ca vari A) on [a,b]

holds for every solution x of the equation

t
x(t):’)?-i—/ dAx +f(t) —f(a), tela,b].




Gronwall lemma - sketch of proof

@ u:[a,b]—]0,00) is bounded on [a,b], K,L >0,
@ h:[a,b] — [0, ) is nondecreasing and left-continuous on (a, b],
t
4 u(t)gK—f—L/ udhforte[a,b].
a

@ k>0—we(t)=rexp(L[n(t) —h(a)]) fort € [a,b].

atwndh - H/; exp (L [h(s) — h(a)]) dh(s)]

Lk >

=K l i M [h(s) —h(a ) dh(s)] = HZ L—kl l [h(s) — h(a)]k dh(s)]
a s k! Ja

<3 (IO % (e ) -h 1)

= —F for te[a,b].



Gronwall lemma - sketch of proof

u:[a,b] — [0, c0) is bounded on [a, b], K, L >0,
h:[a,b] — [0, o) is nondecreasing and left-continuous on (a, b],

t
u(t) < K+L/ udhforte[a,b].
a

k>0 — wk(t)=r exp (L[h(t) — h(a)]) fort € [a,b].

t —
/ Wndhﬁw for te[a,b] =
a

t
Wn(t)szrL/ w,dh forevery k>0 and te€[a,b].
a



Gronwall lemma - sketch of proof

u:[a,b] — [0, c0) is bounded on [a, b], K,L >0,
h:[a, b] — [0, o) is nondecreasing and left-continuous on (a, b],

t
u(t) < K+L/ udh fort € [a,b].

a

k>0 — Wi (t)=r exp (L [h(t) — h(a)]) fort € [a, b].
t
Wn(t)21€+L/ w,dh forevery k>0 and te€|[a,b].
a



Gronwall lemma - sketch of proof

@ u:[a,b]—[0,0c0) is bounded on [a,b], K,L>0,
@ h:[a,b]— [0, c0) is nondecreasing and left-continuous on (a,b],
t
4 u(t)gK—i—L/ udh fort € [a,b].
a
@ k>0—w(t)=r exp(L[h(t) — h(a)]) fort € [a,b].
t
o Wn(t)2n+L/ w,dh forevery k>0 and te€|[a,b].
a
o Lete >0begiven. Putk=K+e and ve =u — w,.
@  Subtracting the blue inequalities we find out

t
vE(t)gferL/ ve dh for te[a,b]

a
wherefrom, using Hake Theorem twice, one can deduce that v. < 0 on [a, b].



Gronwall lemma - sketch of proof

@ u:[a,b]—[0,0c0) is bounded on [a,b], K,L>0,
@ h:[a,b]— [0, c0) is nondecreasing and left-continuous on (a,b],
t
4 u(t)gK—i—L/ udh fort € [a,b].
a
@ k>0—w(t)=r exp(L[h(t) — h(a)]) fort € [a,b].
t
o Wn(t)2n+L/ w,dh forevery k>0 and te€|[a,b].
a
o Lete >0begiven. Putk=K+e and ve =u — w,.
@  Subtracting the blue inequalities we find out

t
vE(t)gferL/ ve dh for te[a,b]

a
wherefrom, using Hake Theorem twice, one can deduce that v. < 0 on [a, b].

Therefore
u(t) <wk(t)=K exp (L (h(t)—h(a))) + ¢ exp (L (h(t)—h(a))) forte€[a,b].

Since e > 0 could be arbitrary, this proves Lemma. O



Existence of solutions

(L) x(t):?—&-/totdAx-i-f(t)—f(to), te[a,b].



Existence of solutions

L) x(t):%+/t0tdAx+f(t)—f(to), tela,b].

Corollary

ASSUME:
@ AeBV([a,b],R"™*") and t; € [a, b].
@ det[l—A~A(t)] #0 for te(to,b],
det[l + ATA(s)] #0 for s€a,tp).

THEN: foreach feG([a,b],R") and X €R", (L) has 1! solution x € G([a, b], R").




Continuous dependence

ka:ik+/td[Ak1x+fk<t)—fk<a), tefab]

x(t) =X+ /td[A]x +f(t) —f(a), tea,b].



Continuous dependence

ka:ik+/td[Ak1x+fk<t)—fk<a), tefab]
x(t) =X+ /td[A]x +f(t) —f(a), tea,b].

A, A€BV([a,b],R"M), f,feG([ab,R"), %.XcR" forkeN.



Continuous dependence

xk(t):ik+/td[Ak1x+fk(t)—fk(a), tefab]
x(t) =X+ /td[A]x +f(t) —f(a), tea,b].

A, A€BV([a,b],R"M), f,feG([ab,R"), %.XcR" forkeN.

ASSUME:
@ det[l —AA(t)] #0 for te(a,b],
@ A=A on [ab], ao*:=sup{var® Ay :keN} < oo,
@ X —X, fy=f on [aDb]

THEN: xx ==X on [a,b].




Sketch of the proof

WE ASSUME:
@ A, AeBV([a,b],R™"), fi,f €G([a,b],R"), X, X €R" for k €N,
@ A, keN, are left-continuous on (a,b],
@ A=A onfab], a*:=sup{varf A, : keN} < oo,
@ X —X, fy=f onlab]



Sketch of the proof

WE ASSUME:
@ A, AeBV([a,b],R™"), fi,f €G([a,b],R"), X, X €R" for k €N,
@ Ay, keN, are left-continuous on (a, b],
@ A=A onfab], a*:=sup{varf A, : keN} < oo,

o S(vk — X, f =f on [a, b].

SHow that there is ko such that det[l — A7A,(t)] #0 and cp, < 2ca fork >ko and restrict
hereafter to k > ko.



Sketch of the proof

WE ASSUME:
@ A, AeBV([a,b],R™"), fi,f €G([a,b],R"), X, X €R" for k €N,
@ A, keN, are left-continuous on (a,b],
@ A=A onfab], a*:=sup{varf A, : keN} < oo,

o S(vk — X, f =f on [a, b].

SHow that there is ko such that det[l — A7A,(t)] #0 and cp, < 2ca fork >ko and restrict
hereafter to k > ko.

PuTt Wk :(Xk—fk)—(X—f).



Sketch of the proof

WE ASSUME:
@ A, AeBV([a,b],R™"), fi,f €G([a,b],R"), X, X €R" for k €N,
@ A, keN, are left-continuous on (a,b],
@ A=A onfab], a*:=sup{varf A, : keN} < oo,

@ X —X, fy=f onlab]
SHow that there is ko such that det[l — A7A,(t)] #0 and cp, < 2ca fork >ko and restrict
hereafter to k > ko.
Put wi = (x¢ —fx) — (x—f).
THEN .
wi (1) = Wy +/a d[Ac(s)]wk(s) + hg(t) —hg(a) for keN and te€(a,b],



Sketch of the proof

WE ASSUME:
@ A, AeBV([a,b],R™"), fi,f €G([a,b],R"), X, X €R" for k €N,
@ A, keN, are left-continuous on (a,b],
@ A=A onfab], a*:=sup{varf A, : keN} < oo,

@ X —X, fy=f onlab]
SHow that there is ko such that det[l — A7A,(t)] #0 and cp, < 2ca fork >ko and restrict
hereafter to k > ko.
Put wi = (x¢ —fx) — (x—f).
THEN ¢
wi (1) = Wy +/ d[Ac(s)]wk(s) + hg(t) —hg(a) for keN and te€(a,b],
where :

B = i~ (@)~ R~ @) ~ 0. ()= [ alac Al -0+ ( [ aiadte [ aar).
lim H/td[Ak]fk—/td[A]fHRn —0 for te[ab]

k—o0

t
H/ d[Ak_A](X—f)HRn§2||Ak—A||oo||X—fHBv on [a,b] (since (x—f)e BV ([a,b],R"").



Sketch of the proof

WE ASSUME:
@ A, AeBV([a,b],R™"), fi,f €G([a,b],R"), X, X €R" for k €N,
@ A, keN, are left-continuous on (a,b],
@ A=A onfab], a*:=sup{varf A, : keN} < oo,

o S(vk — X, f =f on [a, b].

SHow that there is ko such that det[l — A7A,(t)] #0 and cp, < 2ca fork >ko and restrict
hereafter to k > ko.
Put wi = (x¢ —fx) — (x—f).
THEN ¢
wi (1) = Wy +/ d[Ac(s)]wk(s) + hg(t) —hg(a) for keN and te€(a,b],
where :

B = i~ (@)~ R~ @) ~ 0. ()= [ alac Al -0+ ( [ aiadte [ aar).
kimOOH/td[Ak]fk—/td[A]fHRn —0 for te[ab]

t
H/ d[Ak_A](X—f)HRn§2||Ak—A||oo||X—fHBv on [a,b] (since (x—f)e BV ([a,b],R"").

SUMMARIZED: lim ||hg]lec =0, lim wy = 0.
k— o0 k— o0



Sketch of the proof

WE ASSUME:
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@ X —X, fy=f on]ab]

WE HAVE: wy = (X —fk) — (x=f),
wy () = Wy + /t d[Ac(s)]wi(s) + hg(t) —hg(a) for keN and te(a,b],

im [|hcfloe =0, lim W = 0.
k— o0 k— o0
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Sketch of the proof

WE ASSUME:
@ A, AeBV([a,b],R"™M), f,f € G([a,b],R"), X, X €R" for k €N,
@ A, keN, are left-continuous on (a,b],
@ A=A onJab], o*:=sup{var?A : keN} < co,
@ X —X, fy=f on]ab]

WE HAVE: wy = (X —fk) — (x=f),
t
wy (t) = Wy +/ d[Ac(s)]wi(s) + hg(t) —hg(a) for keN and te(a,b],
a
li hglloo =0,  lim w, = 0.
kLmoo H k” kLmoo We
By Corollary of the Gronwall Lemma we get

[lwi (1) |lrn < 2¢a ([[Wk|lrn + 2||Nk]loc) €Xp (4 Ca vari A) on [a,b].

Hence im |Wg|leo =0, ie. lim [[xx —X|lcoc =0. O
k—oo n—oo
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Consider X = Pe(t) Xk, X«(a) =X,

x' = P(t)x, x(a)=X,

where Px,P €L([a,b],L(R")) for keN.
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Continuity in weak topology of L([a, b], R")

Consider X = Pe(t) Xk, X«(a) =X,

x' = P(t)x, x(a)=X,

where Px,P €L([a,b],L(R")) for keN.

Kurzweil & Vorel, 1957

ASSUME:
@ thereism € L([a,b],R?) suchthat |Py(t)] < m(t) a.e.on [a,b] fork €N,

t it
(*] / Py ds:;/ P ds on [a,b].
a a

THEN: X = x on [a,b].

t t
Ak(t) :/ Py dS7 Ak(t) :/ Pk ds.
a a



Continuity in weak topology of L([a, b], R")

Consider
X (t) = X +/ d Ay Xk,

xt_x+/dAx

Proposition

ASSUME:
@ sup {varPA,: keN} < oo,

(* ] Ay = A.

THEN: Xxx =2 x on [a,b].

Ak(t):/KPk ds, A(t):/lP ds,



Continuity in weak topology of L([a, b], R")

Xe =P X, X
x'= P(t)x, x(a) =X,

Opial, 1967

ASSUME:
@ |Pll1 <p*<oo proall keN,

t t
° /Pkds:;/Pds,
a a

THEN: X¢ =X on [a,b].




Continuity in weak topology of L([a, b], R")

Xe =Pt x,  x(a) =X,
x' = P(t)x, x(a) =X,
Opial, 1967

ASSUME:
@ |IPyl1 <p*<oo proall keEN,

t t
° /Pkds:;/Pds,
a a

THEN: x¢ =X on [a,b].
v
P« =P in L([a,b], L(R")) iff:
t t
IPclls < p* <oo proall keN and / Pk ds:z/ P ds for te[a,b.
a a

.




Continuity in weak topology of L([a, b], R")

Xli = Pk(t)xka Xk(a) = i:
x' = P(t)x, x(a) =X,
Opial, 1967

ASSUME:
@ |IPyl1 <p*<oo proall keEN,

t t
() /Pkds:;/Pds,
a a

THEN: xx =X on [a,b].
v
Px — P in L([a,b], £(R")) iff:
t t
[[Pkll1 <p*<oo proall keN and / Py ds:;/ P ds for te[a,b].
a a

.

Opial =~ [PKAP in L[a,b] = xx =x on [a,b]]|.
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Potentials bounded with the weight

X =Pc(t)x, x(a) =X,
x' = P(t)x, x(a) =X.

Opial, 1967

ASSUME:

o im M/;P" ds—/atP ds| (1+||Pk||1)] ~o.

THEN: xx =% x on [a,b].




Variations bounded with the weight

WO =%+ [ aAIX() + (0~ (@), 1l L

x(t) = 'i-i—/td[A]x(s)-i-f(t)—f(a), tela,b]. (L)

Theorem (Monteiro & M.T.)

ASSUME: Ay € BV([a,b],R"*"), fy € G([a,b],R"), Xx €R" for nEN,
@ AeBV([a,b],R"™*"), f €BV([a,b],R"), X eR",
@ [I—-A-A@M)]teL(X) for te(a,b],
@  lim (1+ var? A [IAk —Alloo = 0,

© lim (1+var Ak) lIfc = flloe = O.
THEN: (L) has a unique solution x € BV ([a, b],R"*") on [a, b].

MOREOVER: (L-k) has a unique solution xx for k sufficiently large and  x, = x.




Kiguradze lemma

Essential tool for the proof of the previous result is the Kiguradze lemma:

Kiguradze lemma

ASSUME:
@ A, A« € BV([a,b],R"™*") for k eN,,
@ det[l — A~A(t)]#0 for te(a,b],
@ Im (1+ var? Ak> Ak — Alloo = 0.

— 00

THEN: there exist r* >0 and ko € N such that

t
IX[[oo < r* <|x(a) +(1+ var2 A¢) sup ’x(t) —x(a) —/ dAkxD
t €[a,b] a

for x € G([a,b],R™) and k >kg .




Kiguradze lemma - sketch of proof

WE AssuME: for each n € N there are ko € N and yn € G([a, b], X) such that
x) '

t
ynlleo >n <|Iyn(a)|x + (L varg Ay, ) sup, ] yn(t)—yn(a)—/ d [Ak ]y
tela, a



Kiguradze lemma - sketch of proof

WE AssuME: for each n € N there are ko € N and yn € G([a, b], X) such that

1 yn(@)lix . o) yola) [t Yo
— > =—"= 4 (14vary Ac) sup — —/ dA,] ——
2> Tyl T rvan A sp | — e [ il o]



Kiguradze lemma - sketch of proof

WE AssuME: for each n € N there are ko € N and yn € G([a, b], X) such that

1> Jlun(@)lIx + (1+vark A) sup ¢ ap |

un(t)—un(a)—/atol[Akn]un

x{ = [jun(a)llx — 0.

where un(t) = |‘§:‘(|tio for te[a,b] and neN.

t
Put vn(t):un(t)—un(a)—/ d[Ay,]un. Then

: 1 1

[IValloo < ———p———~< =

n

1 b Ay S forneN = v, =0;
n (14 varg Ay,)

Zn:=Un —Vn €BV, zn(a)=un(a), ||zn|lpv < 1+var? A, and

t t t
zn(t):zn(a)+/ d[A] zn + hn(t), hn(t):/d[Akan]szr d[Ax,]vn for tela,b];

t
H /aol[Akn ~Alz,

t
H /dAann
a

Hence, by the generalized Gronwall inequality

« S2[1Ak Al lIznllev = 21Ak, —Allo (1+ var Ay,),

b 1 vard A 1 = [In[loc—0.
<(varg Ag,) lIvnllx < = -2~ < =

oo n n(1+vard A) N

lim [1zn]loc < 1im ca (||zn(@)llx +2]/Mnlloo) €xp (ca varl A) =0.
n—oo n—oo
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BUT: ||un|j]ec =1 forallneN -
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WE AssuME: for each n € N there are ko € N and yn € G([a, b], X) such that

un(t)—un(a)—/at d[Ac,] tn
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= Jk N [I-ATA(D)] T € L(X) on (a,b] fork >k
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Sketch of proof of the Opial Type Theorem

A—Allso < (14 vard Ay) [[Ak—Alloc—0 => A =A

= Jk N [I-ATA(D)] T € L(X) on (a,b] fork >k

— solutions xy, x exist for all k >kg.
Put ux =xx—x. Then u(a)=Xx —X and

t t
Uk(t)*uk(a)*/ d[A] uk =/ d[Ac—ATx + (fic (t) — (1)) — (i (a)—f(a)) .

Kiguradze’'s Lemma = Jkp>k; and r* €(0,00):
b t
o < ( Tu(@llx + (1 var2 Ac) sup Ju(®) ~u(@) - dlAdu
t € [a,b] a X
<r* (I%—=Xlx + (1 varg Ac) (2140 Al [xllov +2[lfc=flloo ) ) fork > ko.

= U =0= xx =X. O



Main Theorem could be extended to the case feG([a,b], X) if the following convergence
assertion was true:

Let A, Ac€BV([a,b], £(X)) fork €N and  lim (1+varg Ak) [Ac—Alloc = 0. Then

— 00

t t
/d[Ak]f:;/ d[A]f foreach feG([a,b],X).




Main Theorem could be extended to the case feG([a,b], X) if the following convergence
assertion was true:

Let A, Ac€BV([a,b], £(X)) fork €N and  lim (1+varg Ak) [Ac—Alloc = 0. Then

t t
/d[Ak]f:;/ d[A]f foreach feG([a,b],X).

However, next example shows that this does not hold.




Let a=0, b=1, X =R,

1 .
k:[k3/2]+17 Mk = Shm if me{0,1,...,nc},
2k 1 _
agk = *( 1), bok = K (—1)™—t,
2 Mk — —m+1 nm 3 il
amk = 44174—(—1)k = (DM i me (1,2, nc-1)

Ad(t) = if t €[00,
amit+bmk ift e [mmu, mmy1k] @and me{0,1,...,nc—1},
A(t) =0 for te[0,1].

Then
2 1
vad A< 24 20D 1o p o,
k k k
2ne—1\1 1 2 1
1+ vard A A —Alloo < [ 1 il T Rl
(1 varh ) 1 = Al < (14 20 ) s 2 g
However, if (=1 (1)
~—— if te(2=",2=("=Y] for some neN
=14 ¢ @2 = &
0 if t=0,

then f is regulated, var1 f=o00 and
-1

/d[Ak]f Z\F E/ %dtzgik(4/(nk)s_1>, @)

where the right hand side tends to oo for k — oo.
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where
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Example

t
Xk(t)=§+/ dAgxc, telo,1],
0

where

A pia | KU FOSt<T/K At _piag ] O =0
KO=Pt+19 if f<t<1 =AM =P if te(0,1]

on (0,1], BUT NOT UNIFORMLY on [0, 1].

On the other hand, we have Ay —* A in NBV][a,b] = (C[a,b])* and

exp(Pt+kIt)x if 0<t<1/k, X if t=0,
X (t)= _ —xo(t)= _ on [0,1].
exp(P t+1)x if 1/k<t<1 exp(Pt+1)x if 0<t<1

t
BUT, Xxo cannot be a solutionto  x(t) :§+/ dAxon[0,1]!I! as
0

Atx(0) = (exp(l) — 1)X #X = ATx(0).

analog of Opial & Zhang & Meng result is not true pro GLDE’s ‘




Emphatic Convergence

=R+ [ dAHID @), tefabl,

t
x(t):?+/ dAx +f(t) —f(a), te[a,b].

A, Ay €BV([a,b],R"*"), f, fy € G([a,b],X) are left-continuous on (a, b]



Emphatic Convergence

Xk(t):F)Zk—F/t dAx +fi(t) — fk(a), te[a,b],
x(t) = / dAX +1(t)—f(a),  tefab].

A, Ay €BV([a,b],R"*"), f, fy € G([a,b],X) are left-continuous on (a, b]

REES

LET:
@ sup {var® Ak eN} < oo,
@ A=A fc=f locallyon (a,b] and Xx — X,
@ Ve>0 3§>0 suchthat Vt € (a,a+d) Iko €N such that

[Xc(@) =X — ATA(@)X — Atf(a)|<e forall k>ko.




Emphatic Convergence

xk(t):m/tdAkx+fk<t)—fk(a), tefabl,
x(t) = / dAX +1(t)—f(a),  tefab].

A, Ay €BV([a,b],R"*"), f, fy € G([a,b],X) are left-continuous on (a, b]

Halas
LET:
@ sup {var® Ak eN} < oo,
@ A=A fc=f locallyon (a,b] and Xx — X,
@ Ve>0 36 >0 suchthat Vt € (a,a+ ) Iko €N such that

[Xc(@) =X — ATA(@)X — Atf(a)|<e forall k>ko.

THEN: xx — X on [a,b], while xx =x locally on (a,b].




Emphatic Convergence

Xk(t):F)Zk—F/t dAx +fi(t) — fk(a), te[a,b],
x(t) = / dAX +1(t)—f(a),  tefab].

A, Ay €BV([a,b],R"*"), f, fy € G([a,b],X) are left-continuous on (a, b]

REES

LET:
@ sup {var® Ak eN} < oo,
@ A=A fc=f locallyon (a,b] and Xx — X,
@ Ve>0 3§>0 suchthat Vt € (a,a+d) Iko €N such that

[Xc(@) =X — ATA(@)X — Atf(a)|<e forall k>ko.

THEN: xx — X on [a,b], while xx =x locally on (a,b].

LEMMA applies to the last EXAMPLE with
At)=Pt+1 and f(t)=(y —X)x(,y(t), where y =exp(l)X.



Assume:

det[l - ATA(t)] #0 and det[l + ATA(s)]#0 for tc(a,b], s€[a,b).



Cauchy matrix

Assume:
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There is uniquely determined matrix valued function U :[a,b] x [a,b] —R"*" such that

U(t,s):l+/td[A(T)]U(T,s) for t,s € [a, b].




Cauchy matrix

Assume:

det[l - ATA(t)] #0 and det[l + ATA(s)]#0 for tc(a,b], s€[a,b).

There is uniquely determined matrix valued function U :[a,b] x [a,b] —R"*" such that

t
U(t,s) :I+/ d[A(T)]U(7,s) for t,se[a,b].
S
Furthermore:
@ U(,s)eBV([a,b],R"™*") forevery s € [a,b],
@ U(t,t)=I forevery te[a,b],
@ U(t,s)"teR"x" forevery t,sc[a,b].




Assume:
det[l —ATA(t)] #0 and det[l+ATA(s)] #0 for te(a,b], s€[a,b).

Theorem

There is uniquely determined matrix valued function U :[a,b] x [a,b] —R"*" such that
t
U(t,s) :I+/ d[A(T)]U(7,s) for t,se[a,b].
S

Furthermore:
@ U(,s)eBV([a,b],R"™*") forevery s € [a,b],
@ U(t,t)=I forevery te[a,b],
@ U(t,s)"LeR"™N forevery t,s e [a,b].

Let: to€[a,b] and X€X. Then: x:[a,b] — X is a solution of

t
X(t)—X— | dAx=0 on [a,b]
fo

iff  x(t)=U(t, 1o)X for t€(a,b].

A\




Variation-of-constants formula

(L) x(t):§+/totdAx+f(t)ff(a), te[a,b].



Variation-of-constants formula

(L) X(t)=§+/tldAX+f(t)7f(a), tela,b].

ASSUME: g € [a,b], A€BV([a,b],R"*"),

det[l —ATA(t)] #0 and det[l+ATA(s)]#0 for te(a,b], s€[a,b)

and U is the Cauchy matrix function for (L).




Variation-of-constants formula

(L) X(t)=§+/tldAX+f(t)7f(a), tela,b].

Theorem

ASSUME: g € [a,b], A€BV([a,b],R"*"),

det[l —ATA(t)] #0 and det[l+ATA(s)]#0 for te(a,b], s€[a,b)

and U is the Cauchy matrix function for (L).

THEN: (L) has for every X e R" and f € G([a,b],R") a unique solution x on [a,b].

This solution is given by

x(t) = U(t,t0)$<‘+f(t)—f(to)—/tt ds[U(t,s)] (f(s) —f(to)) for te[a,b].




8. MEASURE EQUATIONS

DA



Second order measure equations

e o PE) ®) y
g - y
A= (Q(t) 0 ) = <h(t)> and x= (’z‘)

where P,Q € BV([a,b],R"*"), g,h € BV([a,b],R") and y,Z € R".



Second order measure equations

et 0 P(t y
At = ( ”), f(0) = (‘“”) and % = (y>
Q) © h(t) F3
where P,Q € BV ([a,b],R"*"), g,h € BV([a,b],R") and y,Z € R".

Then x(t):i+/ldAx+f(t)7f(a)

reduces to
t
y) =9+ [ dPz+a() - g(a)
a

t
z(t):’i+/ dQy + h(t) — h(a)



Let 0 P(t t y
A(t)_( ”), f(t)_<g< )> and ;_({>,
Q(t) 0 h(t) Z

where P,Q € BV([a,b],R"*"), g,h € BV([a,b],R") and y,Z € R".

Then x(t):i+/ldAx+f(t)7f(a)

reduces to
t
=5+ [ dPz+o()-g(@)
t
z(t):’i+/ dQy + h(t) — h(a)

and det[l — ATA(t)]#0 iff

det[l — A7 Q(t) ATP(t)] # Ofor t € (a,b]
or

det[l — A7P(t) A~ Q(t)] # Ofor t € (a,b]



Second order measure equations

Consider systems - t
Yi(t) = Yk + / d Py z¢ + k() — gk(a),
g (S-k)

t
zk(t):zk+/ d Qi i + hie(t) — hy (a),

_ t
y(t) = y+/a dPz + g(t) — g(a),

t )
z(t) = Z+/ dQy + h(t) — h(a).



Second order measure equations

Consider systems - t
Yi(t) = Yk + / d Py z¢ + k() — gk(a),
g (S-k)

_ t

Zk(t):ZkJr/a d Qg Yk + h (t) — h(a),
_ t

y(t) = y+/ﬁlsz+g<t)—g<a),

_ t
z(t) = z+/ dQy + h(t) — h(a).
a
AsSUME: P,Q € BV([a,b],R"*"), g,h € BV([a,b],R"), ¥,Z € R",
@ det[l —A"Q(t)A~P(t)] #0 or det[l —A~P(t) A—Q(t)] # 0 for te(a, b]),
() kimoo v —=¥lv =0, k[moo lz« —zlly =0,

)

@ lim (1+vardPy 4 vard Qc) (|[Pk —Plloo + [|Qk — Qlles) = O,

— 00

@ lim (1 +varg Py +varg Q) (llgk — gllee + [l = hlloc ) = 0.




Second order measure equations

Consider systems - t
Yi(t) = Yk + / d Py z¢ + k() — gk(a),
g (S-k)

_ t

Z|<(t):Zk+/a d Qg Yk + h (t) — h(a),
_ t

y(t) = y+/3sz+g<t)—g<a),

t
z(t) = Z+/ dQy + h(t) — h(a).
AsSUME: P,Q € BV([a,b],R"*"), g,h € BV([a,b],R"), ¥,Z € R",
@ det[l —A"Q(t)A~P(t)] #0 or det[l —A~P(t) A—Q(t)] # 0 for te(a, b]),

@ lim [yk —ylv =0, lim ||z —Z|ly =0,
k— o0 k— oo

)

@ lim (1+vardPy 4 vard Qc) (|[Pk —Plloo + [|Qk — Qlles) = O,

— o0
@ lim (1 +varg Py +varg Q) (llgk — gllee + [l = hlloc ) = 0.

THEN:
@ (S) hasaunique solution (y,z)e€BV([a,b],R") x BV ([a,b],R") on [a, b],

@ (S-k) has a unique solution (yk, zx) € G([a, b], R") x G([a, b],R")) on [a, b] for k
sufficiently large,

@ lim [lyk —Ylloo + 12k —=2Zfloc = 0.
k—o0




Second order measure equations

Meng and Zhang :

dy® +d[u(t)]ly =0, y(0)=y,y*(0)=2, keN, (mz-k)

where uyx € BV[a,b] are right-continuous, ¥, Z € R and y*® is the generalized right-derivative
ofy.

They proved that the weak* convergence ux — p yields
Yk Y, Yo — Y*® inweak* topology and y;¢ (1) — y*(1).
(S-k) reduce to (mz-k) when
n=1, [a,b]=[0,1], Px(t)=t, Qk(t)=puk(t) and g, hk are constant.
Similarly, (S) reduces to
dy® +d[u(t)]y =0, y(0)=y,y*(0)=2 (m2)
P(t)=t, Q(t)=p(t) and g,h are constant.

As existence conditions are obviously satisfied, by our Corollary we have

Im (I = lloe + 3¢ =y"llc) =0 whenever m (1+ varb ) i = oo =0- |




9. TIME SCALES

Q>



Time scale calculus

Time scales : nonempty and closed subset T of R.



Time scale calculus

Time scales : nonempty and closed subset T of R.
For a,b € T, we set[a,b]r =[a,b] N T.
o(t):=inf ((t,b]NT) is the forward jump operator ,

p(t):=sup ([a,t)NT) is the backward jump operator
and

u(t) =o(t) —t is the graininess of the time scale.



Time scale calculus

Time scales : nonempty and closed subset T of R.
For a,b € T, we set[a,b]r =[a,b] N T.
o(t):=inf ((t,b]NT) is the forward jump operator ,

p(t):=sup ([a,t)NT) is the backward jump operator
and

u(t) =o(t) —t is the graininess of the time scale.

For a given § > 0, adivision D ={ag,ay,...,a,p)} C [&,b]7 of [a,b] is said to be dJ-fine if

either o —aj_1 < or p(aj)=ai_1.



Time scale calculus

Time scales : nonempty and closed subset T of R.
For a,b € T, we set[a,b]r =[a,b] N T.
o(t):=inf ((t,b]NT) is the forward jump operator ,

p(t):=sup ([a,t)NT) is the backward jump operator
and

u(t) =o(t) —t is the graininess of the time scale.

For a given § > 0, adivision D ={ag,ay,...,a,p)} C [&,b]7 of [a,b] is said to be dJ-fine if

either o —aj_1 < or p(aj)=ai_1.

We also say that P = (D, &) is a tagged division of [a, b]t if
E={&,... &)t and & €fai_1,q)NT forie{1,...,v(D)}.

| = bftAt
/8()

iff for every € > 0 thereisa § > 0 such that

Then

v(D)
| Z f(&) (i —ai_1) — 1] <e for all §—fine tagged divisions P = (D, ¢) of [a,b]r.
i=1



Linear dynamical equations on time scales

Put 5(t):= inf ([t,b]NT)



Linear dynamical equations on time scales

Put o(t):=inf ([t,b]NT) (recall: o(t) := inf ((t,b] N'T)).



Linear dynamical equations on time scales

Put (recall: o(t) := inf ((t,b]NT)).

Proposition (Slavik)

AssuME: f : [a,b]y — R" is rd-continuous,

Fl(t):/tf(s)As and Fz(t):/tf(ﬁ(s)) d[5(s)] for t € [a,b].

THEN: F, =F,00.




Linear dynamical equations on time scales

Put (recall: o(t) := inf ((t,b]NT)).

Proposition (Slavik)

AssuME: f : [a,b]y — R" is rd-continuous,

Fl(t):/tf(s)As and Fz(t):/tf(ﬁ(s)) d[5(s)] for t € [a,b].

THEN: F, =F,00.

Consider equation
t
v =5+ [ [POYE)+hE)] a5, tefablr, (0)

where P:[a,b]lr— £(R") and h:[a,b]r — R" are rd-continuous on [a, b]r, and put



Linear dynamical equations on time scales

Put (recall: o(t) := inf ((t,b]NT)).

Proposition (Slavik)

AssuME: f : [a,b]y — R" is rd-continuous,

Fl(t):/tf(s)As and Fz(t):/tf(ﬁ(s)) d[5(s)] for t € [a,b].

THEN: F, =F,00.

Consider equation
t
v =5+ [ [POYE)+hE)] a5, tefablr, (0)
a
where P:[a,b]lr— £(R") and h:[a,b]r — R" are rd-continuous on [a, b]r, and put

t t
A(t):/a P(5(s))d[5(s)] a f(t):/a h(5(s))d[&(s)] for te[a,b].



Linear dynamical equations on time scales

Put (recall: o(t) := inf ((t,b]NT)).

Proposition (Slavik)

AssuME: f : [a,b]y — R" is rd-continuous,

Fl(t):/tf(s)As and Fz(t):/tf(ﬁ(s)) d[5(s)] for t € [a,b].

THEN: F, =F,00.

Consider equation
t
v =5+ [ [POYE)+hE)] a5, tefablr, (0)
a
where P:[a,b]lr— £(R") and h:[a,b]r — R" are rd-continuous on [a, b]r, and put

t t
A(t):/a P(5(s))d[5(s)] a f(t):/a h(5(s))d[&(s)] for te[a,b].

Theorem (Slavik)
@ If y:[a,b]y —R" is a solution of (LD), then x =y o & is a solution of

x(t) :9+/atdAx +f(t)—f(a), telab].
L

@ If x is asolution of (GL) and y = x|, then y is a solution of (LD).




Linear dynamical equations on time scales

(LD)

t
y(t) = V+/a [P(s)y(s)+h(s)] As, tefablr,
(LD-K)

t
VO =+ [ [Ps)y(e) +he(s)] s, tefabls,
a
Corollary
ASSUME: P, Py:[a,blr — L£(R"), h, hy: [a,b]r — R" for k € N are rd-continuous in [a, b]r,

ac= sup POl + sup [M(®)llen for keN,
tefa,b]r tefa,b]y
i [§i T len =0,
-0,

lim  sup
k—oco tefa,b]r

| [[®us)-Peas|,,, [1+ad

t
lim su / he(s) — h(s)) As 1+ =0.
kﬂoote[a,E]T H a( k(=) (=) HL(R") [+

(LD) has a solution y, (LD-k) has a solution yy for k € N sufficiently large and

THEN:
Jm sup [ly(t) =y (t)llrn = 0.
0 te(a,b]p
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